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closed-form models from data [3,4]. Under diverse names such as computational scientific dis-
covery, equation discovery or, more recently, symbolic regression, this field has grown, matured
and is becoming established within machine learning.

Traditional symbolic regression uses genetic algorithms to evolve populations of expressions
that are ‘well adapted’ to the data at hand [5-7], that is, closed-form expressions that (i) describe
the data well and (ii) are reasonably simple. To operationalize these two criteria, two loss functions
are heuristically defined, one for error and one for complexity. They are eventually combined,
again heuristically, leading to a single unified model-selection criterion. More modern approaches
have recently been proposed based on sparse regression [8], recurrent neural networks [9], vari-
ational autoencoders [10] or a combination of neural networks with physics-inspired techniques
[11], among others (for systematic reviews, see [12,13]). However, despite their differences, these
modern methods share with traditional symbolic regression (at least to some degree) the need
to define loss functions and model selection criteria heuristically. The way they explore model
space and come up with specific models is also heuristic. In addition, both in traditional and
modern methods, performance is typically evaluated based on benchmark problems or datasets,
which is problematic because: (i) no benchmark can possibly include all situations that are po-
tentially of interest and, therefore, any benchmark will be biased in certain ways; (ii) benchmarks
lead to human-in-the-loop overfitting [14] because, once a benchmark is well established in the
community, algorithms are designed and refined based on the performance on those benchmarks.

Here, we argue that symbolic regression should move away from heuristics and methods
should be built to conform to some basic desiderata. In particular, we demand from symbolic
regression approaches the following properties:

(i) They must establish the plausibility of models based on rigorous arguments and, when
necessary, explicit—and hence scrutinizable —assumptions and/or approximations.
(if) They must integrate goodness of fit and model complexity into a single measure of
plausibility, so that no ad hoc parameters or thresholds need to be fixed to balance them.
(iif) They must be consistent; that is, they must select the true model with probability
approaching one as the sample size grows to infinity.
(iv) They must account for the uncertainty inherent in the model discovery process.

We show that a probabilistic (or Bayesian) approach to symbolic regression [15-17] satisfies all of
these conditions. This approach draws from probability theory, information theory and statistical
physics and, we believe, provides a solid foundation for future developments in the area.

2. Bayesian symbolic regression

In symbolic regression, we aim to identify the closed-form mathematical model n*(x, 8*) that is
responsible for the generation of some observed dependent variables {y*} through the process

yE = m*(xk, 6%) + k. (2.1)

Here, x* is the kth observation of the features or independent variables, 0" are some parameters
of the model m* and ¢ is an observational noise, which is typically assumed to be Gaussian-
distributed with zero mean and unknown variance o2. The space of candidate models M com-
prises, in principle, all possible closed-form models m;(x, 6;), although in some situations, one
may want to restrict the space to certain subsets of models.

Given that there is uncertainty in both the data generation process and in the model selection
itself, the most complete description of the symbolic regression problem is probabilistic [18]. In-
deed, given some observed data D = {(yk, x*),k=1,..,N}, the complete solution to the problem
is given by the conditional probability p(m;|D) of m; being the true generating model given the
data D. Indeed, given this posterior distribution p(m;|D) over models m; € M, we can answer any
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model-selection question (for example, what is the most plausible model?) or make any predic-
tion (for example, what is the probability that y is larger than a certain value at some point x?).
The practical question is, then, whether p(m;|D) can be computed or, at least, approximated.

The answer to this question is that, under relatively mild approximations, p(1;|D) can indeed
be computed. First, consider the joint distribution p(m;, 8;|D) of the model m; and its parameters
9;, given D. This distribution can be written in terms of the likelihood p(D|m;, 8;) by application
of Bayes’ theorem:

p(Dlm;, 6:) p(m;, 8;) _ p(Dlmi, 8;) p(Bilm;) p(m;)
p(D) p(D)

Then, one can calculate the posterior distribution p(m;| D) by marginalizing over parameter values

p(m;, 6;|1D) = (22)

p(mle)zf delp(m,,6,|D)
O;

_plm)
D) Jo,

_expl=%(m;, D)]

==z
where the last step is simply notation and can be regarded as the definition of Z(m;, D), and
Z=p(D) is introduced to make it clear that, in the context of model selection, p(D) is just a
model-independent normalizing constant.

In general, the integral in equation (2.3) cannot be evaluated analytically because the model
m;(x, 8;) and the prior p(8;|m;) may have arbitrarily complex dependencies on the parameters ;.
However, the integral can be estimated by means of the Laplace approximation [19] by assuming
that (i) the likelihood is sufficiently peaked around the parameter values 8; that maximize the
likelihood and (ii) the prior p(8;|m;) is sufficiently smooth around &;. Under these conditions, we
have that

d@,- p(Dlmi, 61) p(ellml)

2.3)

B(m;, D)
Z(m;, D) = Tz —logp(m;), (2.4)
where B(im;, D) is given by [19]
B(m;, D) = —2log p(D|m;, &;) + (k; + 1) log N + log 'Z(éi)| . (2.5)

Here, k; is the number of parameters in model m; (that is, the dimension of 6! log p(D|m;, 0, is
the log-likelihood calculated at the maximum likelihood estimator of the parameters (including
o) and Z(6)) is the Fisher information matrix, calculated at the maximum likelihood estimators of
the parameters. The Fisher information matrix represents the curvature of the likelihood around
its maximum at 8, so that, other things being equal, models with small curvature (that is, models
for which changes in parameter values produce small changes in model predictions for observed
data points) are preferred over models with a large curvature.

Since the last term in equation (2.5) is the only one whose absolute value does not grow with N,
it is asymptotically small compared to the other terms and, therefore, it is often ignored. Within
this additional approximation, we have that

B(m;, D) = —2log p(D|m;, 8;) + (ki + 1) 1og N, (2.6)

and B is then the so-called Bayesian information criterion (BIC) [20]. The BIC is often used in
model selection in general [19] and in Bayesian symbolic regression in particular [15-17,21], al-
though the approximation in equation (2.5) has also been used, more recently, within this context
[22].

'Note that the +1 in the term (k; + 1) arises from the other parameter of the probabilistic model, that is, the observational noise
o. If this value is known, then this term should be k; log N. See also footnote 2.
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(a) Likelihood function

The exact form of the likelihood function p(D|m;, 6;) depends on the precise modelling assump-
tions. Under the standard assumptions in regression and symbolic regression, which we have
outlined in equation (2.1) (namely, that the observed dependent variables {y*} are subject to
additive, unbiased, Gaussian noise with unknown variance 2 ), the likelihood is given by

2
N1 (v* = mi(x*,6)))
p(D|m;, 0;) = szl exp _+
V272 20

N 2
1 o _ Ek=1 (yk - mi(xk’ 61-))

= (2.7)
2
(27_[02)1\]/2 20
The corresponding term in the BIC is then
A \2
. N 2k (yk - m(x, 91'))
—logp(D|m;,6;) = 5 log 27 + log N +1{, (2.8)
2
. - . o Z(yF-mied0))
where we have already replaced the maximum likelihood estimator §* = ————— for the

. N
variance.

Under different modelling assumptions, the likelihood may take a different form. For exam-
ple, consider a situation in which each y* measurement has an uncertainty oy associated with it.
In that case, a reasonable likelihood would be?

N 1

N k _ ; k,ei 2
pOIm.6)=|T],_, ¥ = mit,09)°

exp —Z 2
A/ 27105 k=1 T

Similarly, in some situations, it may be appropriate to use likelihoods corresponding to non-
Gaussian or non-additive noise, or other suitable likelihood functions.

3. Interpretations of the Bayesian approach

(a) Probabilistic interpretation

The probabilistic interpretation of the symbolic regression approach outlined above should be
clear —each expression m; has a probability p(m;|D) of being the true generating model, and the
most plausible model 7z is the maximum a posteriori

it = argmax,, p(m;|D). (3.1)

In the probabilistic interpretation, the posterior probability p(m;|D) is obtained by updating our
prior expectations p(m;) about models with the marginal likelihood

f de; p(D|m;, 6;) p(6;|m;)
0;

which can be approximated, leading to equations (2.4)-(2.6).
Two important considerations, in this respect. First, the prior p(m;) does play a role in esti-
mating the posterior p(m;|D)—ignoring the prior amounts to assuming that all models m; are, in

*Note that, in this case, the variance o2 of the observational noise would not be a parameter of the probabilistic model.
Therefore, in this case, the (k; + 1) log N term in the BIC would become k; log N.
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principle, equally plausible; and since there are exponentially many more complex models than
simple models, it amounts to assuming that, in principle, complex models are more plausible
than simple models. That being said, since the prior is fixed (intensive) and the marginal like-
lihood grows linearly with the number of observations N (is extensive), in the limit N — oo the
prior washes out; that is, asymptotically, our prior expectations do not matter (as long as we do
not assign p(m;) =0 to any model).

Second, our prior expectations get updated by the integrated marginal likelihood, not the max-
imum likelihood or any other point estimate of the likelihood. This is important because a model
m; may fit the data well for a specific choice &; of parameters, but poorly for other choices; and,
since we are not certain about the exact values of the parameters, all values, good and bad, should
be taken into consideration when evaluating the plausibility of the model. This is what happens,
for example, to models with many parameters—one may find a good combination 8;, but the vol-
ume of models with poor fit grows with the dimension of the parameter space. This is the origin
of the term that scales with the number of parameters k; + 1 in B, which is sometimes interpreted
as an heuristic regularization term but is, as we have seen, an unavoidable consequence of the
application of probability theory.

(b) Information-theoretic interpretation
From equation (2.3), one can see that
Z(m;, D) = —log p(m;, D) = —log p(D|m;) — log p(m;) (32)

where p(D|m;) = [, dO;p(D|m;, 8;) p(6;|m;) is the marginal likelihood.

In information-theoretic terms, & (m;, D) is the description length, that is, the number of nats
(or bits, if we used base-2 logarithms instead of natural logarithms) necessary to convey m; and the
data D to a receiver by means of an optimal code [23]. Then, from equation (2.3), it is clear that the
most plausible model 7 = arg max,, p(m;|D) = argmin, Q(m,, D) is the one with the minimum
description length. This means thatlm is the model that allows the sender to convey that data
most efficiently, that is, the model that best compresses the data.

The description length has two parts. The term —log p(m;) corresponds to the number of nats
necessary to convey model m; among all possible models. The more plausible the model is a priori,
the smaller this term. The second term —log p(D|m;) corresponds to the number of nats necessary
to convey the data once model m; is specified. If m; provides a better description of the data, then
we need fewer nats in addition to the model itself to describe the data. Importantly, both terms
are in the same “units’ and are therefore comparable—description length nats provide a unified
measure of model complexity and goodness of fit.

() Statistical physics interpretation

Finally, the Bayesian approach can also be interpreted in the context of the canonical ensemble in
statistical physics. Indeed, consider a physical system whose configurations are c;. The probability
of observing configuration ¢; in such a system is given by the Boltzmann distribution

pley = ZEIPHED] (3)
with Z = Ej exp [—[S”H(cj)] being the partition function, H(c;) being the energy of configuration ¢;
and @ being the inverse of the temperature.

Then, by equation (2.3), each model m; in symbolic regression can be interpreted as a configu-
ration whose energy is £ (m;, D), for a system at temperature § = 1. In the context of information
field theories, & is called the information Hamiltonian [24]. In this picture, the most plausible
model 71 = arg maxmip(milD) =arg minmiSZ (m;, D) is the one with the lowest energy, that is, the
ground state of the system.
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4. Arguments for a Bayesian approach

Consider the problem of choosing among states s; € S, for example the sides of a biased dice. If
an oracle establishes p(s;| X) using probability theory and all imaginable information X about the
dice and the dice-rolling process, then it is impossible (on average) to beat the oracle at predict-
ing dice outcomes. For example, betting on the outcome of a single dice roll, the oracle would
always predict arg max,, p(s;|X) and no player could do better than that on average, no matter
what algorithm they used.

Analogously, in the context of model selection and symbolic regression, consider a situation
in which a model m; € M and its parameters &; are drawn from the known prior distribution
p(m;, 6;) = p(6;|m;) p(m;) and data D are generated according to the known process described
by equation (2.1). Then, the product rule of probability theory [18] dictates that p(m;, 8;|D)
p(D|m;, 6;) p(m;, 6;), with the likelihood p(D|m;, 6;) given by equation (2.7). The sum rule [18], on
the other hand, dictates that p(m;|D) = [ d6; p(m;, 6;| D). Therefore, in this scenario (and aside from
the Laplace approximation, which becomes exact as the number N of data points grows), there is
no better estimation of p(m;|D) than in the probabilistic approach outlined above. In this sense,
the proposed approach is Bayes optimal —it achieves the best possible performance, and no other
algorithm can outperform it on average. Given the different axiomatizations of probability theory,
this statement translates into different arguments for the use of the Bayesian approach as opposed
to heuristic approaches.

Cox-type arqument: Cox’s theorem establishes that any system of reasoning under uncertainty
that satisfies certain basic consistency and common sense requirements must necessarily follow
the laws of probability theory [18,25]. Therefore, it justifies the use of probability as the unique
consistent framework for quantifying degrees of belief. Therefore, any way to assign plausibilities
to models not conforming to equation (2.3) must violate some of the very basic commonsensical
conditions assumed by Cox.

Consistency argument: Related to the previous argument, the Bayesian approach outlined above
is consistent, that is, in the large N limit, it will select the true model with probability approach-
ing one. In fact, this is true even if the prior p(m) is unknown, because the marginal likelihood is
extensive in N, whereas the prior is intensive. Therefore, any alternative that does not coincide
with the Bayesian approach in this limit is virtually guaranteed to select the wrong model.

Minimum description length argument: As discussed above, the Bayesian approach selects the
model with the shortest description length, that is, the model that maximally compresses the data.
Any alternative way of selecting models will lead to models that compress the data less, that is,
models that are objectively less parsimonious than those selected by the Bayesian approach.

Dutch book arqument: In de Finetti’s axiomatization, a probability is one’s degree of belief in an
event’s occurrence, quantified as the price they would be willing to spend on a fair bet that pays
one unit on the occurrence of the event [26]. In this context, a Dutch book is a set of bets constructed
to exploit non-probabilistic beliefs, guaranteeing a sure loss to those not using probability theory,
no matter how the events unfold. Betting on symbolic regression models using any assignment
of plausibility other than the Bayesian approach results in Dutch books, that is, in certain loss.

5. Traditional heuristic approaches under the light of the Bayesian approach

We hope that the reader finds the arguments in favour of the Bayesian approach in the previ-
ous sections convincing. However, one may still wonder how important these considerations are
in practice. Here, we address this question by comparing the Bayesian approach to traditional
heuristic approaches, both on theoretical grounds and in two simple scenarios that illustrate the
failure of heuristic approaches to fulfil the basic desiderata outlined in the introduction.

We start by outlining how traditional symbolic regression works. First, an arbitrary loss func-
tion is defined, typically the squared error, which is equivalent to maximizing the likelihood
p(D|m;, ;) in equation (2.8). Second, some algorithm, typically a genetic algorithm, is used to
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find models that minimize the loss. However, given a dataset D, the likelihood can always be
made arbitrarily close to 1 by considering arbitrarily complex models. To escape this ‘structural
overfitting’, [15] traditional symbolic regression proceeds by defining an heuristic measure of
complexity, typically related to the number of operations and/or parameters in the model. Based
on this complexity, one defines a Pareto front comprising the models that have minimum loss at
each value of complexity. Finally, among all models in the Pareto front, one is typically selected
by identifying (again, heuristically) the ‘elbow’ of the front, that is, the point at which, somehow,
the loss increases maximally for a fixed reduction in complexity.

Allin all, the traditional approach involves three heuristic choices: loss, complexity and model
selection criterion within the Pareto front (elbow). By contrast, the Bayesian approach does not re-
quire an heuristic definition of loss—the description length & (im;, D) is the quantity to minimize
(or, equivalently, the posterior p(m;|D) is the quantity to maximize) as prescribed by probabil-
ity theory. Similarly, there is no need to select models within the Pareto front because, as we
have argued, & (m;, D) already combines goodness of fit and complexity within a single metric—
the term quantifying goodness of fit is the marginal likelihood — log p(D|m;),> whereas the term
quantifying complexity is the prior —log p(m;).

Here, we follow previous work using a maximum entropy prior [15] (that is, a prior that
maximizes the entropy S=-73, - p(m;)log p(m;)) subject to (i) having the mean number (n,) =
Zmi 1n,(m;) p(m;) of operations of each type o €{+, X, exp,log,sin, cos...} as in an empirical cor-
pus of mathematical formulas;* (ii) having the mean squared number of each operation (ng) =
Zmz ng(mi) p(m;) as in the empirical corpus. The maximum entropy prior satisfying these condi-
tions is

pim) =exp | — . (agny(my) + Bon3(my) | - (5.1)

0

This is the most agnostic prior with the empirically observed frequencies of each operator and
the empirically observed fluctuations of these frequencies. Alternatively, one could select other
reasonable priors, including more informative priors encoding available background knowledge
in a given context [27,28]. The important consideration here is that, unlike traditional approaches,
the choice of prior is explicit and transparent, and therefore scrutinizable.

To compare traditional and Bayesian symbolic regression in practice, we consider two sim-
ple scenarios. In the first one, we generate data through the process yk = 98 + 61* x + €k, so that
m*(xk, 0") = 63 + 6;‘ x, with 93 =-2.3 and 91* =4.1. We then use traditional symbolic regression
(using PySR [7] with default parameters) and Bayesian symbolic regression (using the Bayesian
machine scientist available at https://bitbucket.org/rguimera/machine-scientist/® to learn m*. We
repeat the process for varying numbers of data points N € {10,100, 1000} and different levels of
observational noise o €{0.05, 0.5, 5,50} (figure 1).

This is a very simple model, where one may expect symbolic regression to work. Indeed, the
Bayesian approach generally identifies the correct model —although in the high-noise regime, it
underfits the data, in those cases, the error between the identified model and the true model (re-
ducible error) is very small compared to the noise level o (irreducible error), so underfitting is
actually reasonable. In practice, with such observational noise, making predictions with the true
model or the underfit model would lead to almost identical errors, because error is dominated by
the irreducible error o.

The traditional approach also learns the correct model in the low-noise regime. However, when
noise is high, it overfits the data very significantly, even when the number of points is large; and, in

*The term (k; + 1) log N in equations (2.6) and (2.5) comes from approximating the marginal likelihood. Therefore, although of-
ten interpreted as a penalty to parametric complexity, it seems more appropriate to consider this term as part of the goodness
of fit.

*Here, 1,(m;) is the number of times that operator o appears in m;.

*In situations in which model space can be somehow restricted, one may use exhaustive symbolic regression [22]. However,
here we do not restrict models in any way, so exhaustive search is unfeasible.
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Figure 1. For varying numbers of data points N € {10, 100, 1000} and different levels of observational noise o €
{0.05, 0.5, 5, 50}, we generate data (grey symbols) through the process y = Oy +0x+ e, with 0, =—23and 6] =
4.1. We then use traditional heuristic symbolic regression (using PySR [7]; blue lines) and Bayesian symbolic regression (using
the Bayesian machine scientist (BMS) [15]; orange lines) to learn m* We run PySR with default parameters:o € {+, —, X, /},
maximum equation complexity 30, 100 iterations, 31 populations with 27 individuals in each population and 380 cycles in
each iteration. Model selection was also the default in PySR, that is, we used a quadratic loss and defined the score as minus
the derivative of the log-loss with respect to complexity; and we selected the model with the highest score among expressions
with a loss lower than 1.5 times the loss of the most accurate model. We ran the BMS for 1000 Markov chain Monte Carlo steps,
with 20 temperatures for the parallel tempering (see [15] for details).

this case, the reducible error is not necessarily small compared to the observational noise. The ten-
dency of the traditional approach to overfit can be understood in light of the Bayesian approach.
Indeed, as we have argued, probability theory dictates that we select models by minimizing the
description length

(ki +1)
2

Z(m;, D) = —log p(m;) — log p(D|m;, é,-) + logN + ..., (5.2)

where the dots indicate additional terms in the approximation of the exact marginal likelihood. In
practice, traditional symbolic regression aims to minimize squared errors and, thus, to maximize
the likelihood, so that the loss is

ZLiraa(m;, D) = —log p(D|m;, éi) . (5.3)

By comparing the last two expressions, we note that the prior effectively being used by the
traditional approach is

logN + ..., (5.4)

(ki +1)
log Ptrad = P

that is, the traditional approach is favouring a priori models with more, rather than fewer, param-
eters. In fact, traditional approaches favour everything that the successive approximate terms of
the marginal likelihood penalize.
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Figure 2. For varying numbers of data points N € {10, 100, 1000} and different levels of observational noise o €
{0.05, 0.5, 5, 50}, we generate data (grey symbols) through the process y* = Oy + ¢, with 0, = 31. We then use tradi-
tional heuristic symbolic regression (using PySR [7]; blue lines) and Bayesian symbolic regression (using the Bayesian machine
scientist (BMS) [15]; orange lines) to learn m*. The parameters of PySR and BMS are the same as in figure 1.

In the second experiment, we generate data through an even simpler process y* = oy + ¢k, so
that m*(xk, 6%) = 8, = const., with 65 =31 (figure 2). Bayesian symbolic regression always identi-
fies the correct model, although noise leads to estimates of the parameter éo that deviate from the
exact real value. By contrast, traditional symbolic regression fails to identify the correct model in
every single instance and systematically overfits the data, even when noise is low and the number
of points is high.

Besides the a priori preference for more complex models discussed in the previous experiment,
the reason for the overfitting in this case is the heuristic used to select the best model within the
Pareto front—since the constant model is the simplest possible model, it sits at the edge of the
front and can never be considered an elbow. However, a linear model with a very small slope
is also in the front and could, in principle, be selected. Rather, much more complex models are
chosen in all cases, which means that, in this popular implementation of traditional symbolic re-
gression, some complex model is always selected, even when no relationship whatsoever exists
between dependent and independent variables. This example is thus sufficient to prove that the
heuristics chosen do not lead to consistent model selection.

6. From single models to posterior distributions over models

So far, in line with traditional symbolic regression, we have focused on discussing how to
get a single best model for a given dataset. In the Bayesian approach, we have identified this
best model with the maximum a posteriori/minimum description length 71 = arg maxmip(m,- D)=
argmin, & (m;, D). However, the Bayesian approach does not only give the most plausible model;
it gives the whole posterior p(m;|D), which contains much more information than any single
model m; € M.
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(a) Model averaging

Consider a situation in which one wants to predict the value of y for a certain value of x, given the
observed data D. A common approach to do this is to use the most plausible model 7(x, &) and
predict y = rii(x, 8). However, it is important to note that this is just an approximation because, in
general, p(fi1| D) < 1, that is, we have no certainty whatsoever that 7(x, §) is the true generating
model. The statistical physics interpretation helps understand how incorrect this point estimate
typically is—trying to predict y with model 7(x, &) alone is like trying to predict the properties of
a physical system at some finite temperature using only the ground-state configuration.

Rather, the most complete description of y at x is given by the posterior obtained through
model averaging (or ensemble averaging) [29]:

p0ID0) =3 [ 4018 (v = mix,09) pl, D), G)
m; YO;
which is hard to calculate but can be approximated computationally by
A 1 A
pID,x) % 38 (y — mix,6) p(mi| D)~ 2 338 (y — mi(x,6))) - (62)
m; m;

Here as before, éi is the maximum likelihood estimator of the parameters of model m;, and
the primed sum }}’,, indicates that the sum is over K models sampled from p(m;|D) using, for
example, Markov chain Monte Carlo [15].

(b) Fundamental limits and Rashomon sets

Thinking about model averaging and model ensembles in the terms we have just discussed opens
the door to deep and important questions about model space and the description length land-
scape. For example, is the true generating model always the ground state? And under what
conditions is there a single model 77z that is overwhelmingly more plausible than any other model?
Or, conversely, when do we have multiple models with description lengths similar to the ground
state?

Regarding the first question, analysis of the description length landscape leads to the conclu-
sion that the ground truth generating model m* does not always coincide with the ground state
11 [17]. Let us see why. As we have argued above, the probabilistic approach is consistent; that
is, it identifies the true generating model with probability tending to one in the limit N — oo; in
this limit, we do have /i1 = m*. However, for finite N, we can increase the observational noise o
and, intuitively, it seems reasonable that, at some point, m* will become undetectable. This is in-
deed the case; and, in fact, this learnability transition (from a phase in which the true model can
be learnt to a phase in which it cannot) is properly described by considering only two minima
in the description length landscape, namely, the ground truth model m* and the trivial model
m® = arg max p(m ) that maximizes the prior over models [17]. Indeed, the mean description
length of these two models as a function of the noise level o can be estimated analytically, and the
point where they cross provides a tight upper bound to the learnability transition [17].

Since, as we have argued, the probabilistic approach is Bayes optimal, proving the existence
of such learnable-to-unlearnable transition amounts to proving that, above a certain noise level,
no algorithm can possibly identify the ground truth model from observational data alone. This is
a result that only an approach that meets the desiderata that we have previously outlined could
have possibly obtained.

With regard to the other questions, it turns out that often there exist many models with descrip-
tion lengths similar to the ground state 7 for a given dataset. In other contexts, such collections
of similarly plausible and explanatory models have been called Rashomon sets [30].° In the learn-
able phase, all models with description length similar to i1 are similar to the ground truth, so the

® After the movie Rashomon, in which Akira Kurosawa concatenates a series of contradictory accounts of the same crime.
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Rashomon set does not add much to the single best model 7iz. However, close to the learnability
transition, a Rashomon set of diverse models emerges, which provides non-congruent descrip-
tions of the same data [17]. In empirical datasets, this situation seems to be the norm rather than
the exception [15,16,21].

7. Conclusion

Luis A. N. Amaral has recently argued that research on “artificial intelligence needs a scientific
method-driven reset’ based on reliable use of “prior knowledge, falsifiable hypotheses, and rig-
orous experimentation’ [31]. This, we believe, is true in general but especially for applications of
artificial intelligence in science and for symbolic regression in particular.

Here, we have compared probabilistic to traditional symbolic regression. Of course, in recent
years, there has been an explosion of new symbolic regression methods based on large language
models, variational autoencoders and a variety of other deep learning approaches. However, the
main limitations we have identified and discussed here for traditional symbolic regression remain
in these newer approaches, namely: (i) the need to define goodness of fit (or loss) and complexity
measures heuristically; (ii) the need to choose models heuristically based on fit and complex-
ity; and (iii) the need to explore model space heuristically. The probabilistic approach provides
concrete and easy-to-implement alternatives to (i) and (ii), so we see no reason why all other ap-
proaches should not adopt them. With regard to (iii), heuristic search is acceptable for practical
applications, but one must always keep in mind that, for certain advanced applications (such as
model averaging for prediction, or analysis of model space for theoretical results like those related
to learnability), sampling over the posterior distribution provides the most detailed description
of the problem.

Symbolic regression can revolutionize the scientific process by automating the learning of
closed-form mathematical models from data. However, for symbolic regression to advance on
solid grounds, and to help other fields also advance on solid grounds by identifying models that
are defensible, it must aim for the maximum levels of mathematical and conceptual rigour. In
this article, we have argued that the interface between probability theory, information theory and
statistical physics provides the ideal framework for this.
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